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Se®eral analytical methods were applied to the 3-D electrical resistance tomography
( )ERT image of stirred-®essel experiments of Holden et al. to characterize the mixing
beha®ior and to measure mixing quantitati®ely. Based on the time resol®ed 3-D ERT
results, the centroid and ®ariance of the concentration distribution in three dimensions
can be obtained as a time series to track the mo®ement, dispersion, stretch and rotation
of the concentration distribution in the tank. By sampling at different scales and loca-
tions, the ratios of standard de®iations to means and the entropy of corresponding ®ol-
umes can be calculated to examine the degrees of uniformity. The 3-D wa®elet decom-
position pro®ides an effecti®e method of analyzing the mixing process at ®arious scales.
The wa®elet difference coefficients reflect the concentration gradients of specific ®ol-
umes along different directions. These methods of analysis promise to guide the design
of better mixing schemes and to monitor the process for optimal operation.

Introduction

Research in mixing has emphasized the input process such
as: the shape and number of the turbine blades, the position
and width of the baffles, the horsepower per gallon of input

Žpower, and the duration of mixing Nagatam, 1975; Oldshue,
.1983; Ranz, 1985; Ottino, 1989 . A complementary outcome

analysis should address the questions: How do you measure
the uniformity of the mixture?; How do you know when the
mixture is uniform enough? When is the best time to stop the
mixing process?; and How do you know that you are using
the right mixing equipment? For example, de la Villeon et al.
Ž .1998 used several criteria to study the stirring efficiency of
three helical ribbon impellers, including the standard devia-
tion of concentration to characterize the dispersion of clus-
tered tracers, the length stretch to quantity the amount of
stretching that can be generated by the impeller, and the dis-
persive mixing efficiency coefficient to measure the relative
importance of extension effects over the rotational effects in
a flow.

We propose to analyze data from 3-D time-dependent mix-
ing, such as by following the concentrations at various parts
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Ž .of the equipment with time Danckwerts, 1981 with the fol-
lowing measures:
Ž .a Tracking the centroid, dispersion, stretch and rotation

of concentration distributions in three dimensions
Ž .b Analyzing sample concentration distributions to com-

pute the ratios of standard deviation to mean, and the en-
tropy
Ž .c Wavelet analysis of concentration averages and gradi-

ents in different directions, by multiple scales in three-di-
mensions.

The technology for 3-D imaging has produced a revolution
Ž .in our understanding of medicine Jain, 1989; Russ, 1994 .

We now have the capability of producing 3-D measurements
with time resolution, such as the recent work of Holden et al.
Ž .1998 , which makes measurements of electrical resistance to-

Ž . 3 Žmography ERT in a 2.7-m stirred tank 1.43 m in diameter;
.1.695 m in height with the injection of a slug of 1 L of con-

centrated salt solution into a tank of tap water. The result is
measurements of concentrations in the rectangular axes with
time, and the data is available as a stack of 8 horizontal

Ž .planes, each plane has 316 voxels volume elements , so that
there are 316�8s2,528 voxels. Each voxel represents a vol-
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ume of 71.5 mm�71.5 mm�165 mm or 0.843 L. The conduc-
Ž .tivity of a voxel is measured as C x, y, z, t , where the con-

Ž .ductivity range from 109 to 318 highest . The concentration
should be roughly in proportion to the conductivity.

The Holden’s data was obtained with two different types of
stirrers: the Rushton disk turbine with six flat blades that
produce primarily a radial thrust at mid-level; and the Light-

nin A310 with propeller blades that produce an axial down-
flow. They were both stirred at the rate of 75 revolutions per
min, without baffles.

A sample of the Holden data is shown in Figure 1 as a
Žstack of eight 3-D plots of concentration vs. x from 1 on the

. Žleft to 20 on the right and y from 1 in the front to 20 in the
.back , each plot represents a horizontal plane with the coor-

Figure 1. Electrical resistance tomography measurements of Rushton mixer at t=4 seconds after injection of salt
solution.

Ž . Ž . Ž . Ž .The x axis has 20 levels from 1 left to 20 right ; the y axis has 20 levels from 1 back to 20 front . The eight figures represent the eight
Ž . Ž .vertical levels. The conductivity C has a minimum level of 109 pure water to 318 highest salt solution .
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Ždinates of z. zs0 represents the bottom of the tank, so the
eight planes are located from zs165 to 1320 mm with equal

.thickness of 165 mm. This figure represents the measure-
ments with the Rushton turbine at ts4 s after the injection
of a liter of salt solution near the top center at a position of
xs15, ys15, and zs1320 mm. It is readily seen that the
maximum concentration has moved down to planes of zs660
mm and 825 mm on the wall and in the direction pointing

Ž .south xs8, ys20 .

Tracking the Centroid, Dispersion, Stretch and
Rotation

This set of data is more conveniently transformed into
Ž .cylindrical coordinates C r, � , z, t , of 16�80�8s10,240

voxels. Here the size of the voxel in the radial direction is
Ž .1.43r2 r16s44.7 mm in the angular direction is 2�r80s
0.0785 radiant, and in the vertical direction is 165 mm. A
voxel will vary in volume from the smallest at the center to
the largest next to the wall, as rs45 to 715 mm, so that the
voxel volume varies from 25.9 to 413.9 mL, but the average is
208 mL. When this set of concentrations in Figure 1 is trans-
formed into cylindrical coordinates, the results are shown in
Figure 2 as a stack of 3-D plots of concentration vs. r from 0
Ž . Ž . Žcenter to 715 mm wall , and � from 1 to 360� � increases

.clockwise with �s0 represents the north . Due to volume
averaging in the coordinate transformation, the maximum
concentration attained is 199, which is attained zs825 mm,
and with the parameter values of rs715 mm and �s193.5�.
Hereafter, the concentration will be expressed as normalized
conductivity

Cymin CŽ .
cs

max C ymin CŽ . Ž .

There is a great deal of data to keep track of, especially
when presenting a times series. We should begin by tracking
the ‘‘center of mass’’ and the ‘‘standard deviations’’ of the

Žconcentration distribution in three dimensions Danckwerts,
.1981 . The concentration centroid is defined by the coordi-

nates

² :r t � rc d® c d®Ž . Ž . Ž .H H

² :� t � � c d® c d®Ž . Ž . Ž .H H

² :z t � zc d® c d®Ž . Ž . Ž .H H

22 ² :� t � ry r c d® c d®Ž . Ž . Ž . Ž .H Hr

22 ² :� t � �y � c d® c d®Ž . Ž . Ž . Ž .H H�

22 ² :� t � zy z c d® c d®Ž . Ž . Ž . Ž .H Hz

² : ² : ² :The three terms r , � , and z define the position of the
centroid or the average concentration in the tank, which de-
scribes the circulation from the point of the injection. The
three terms � , � , � , describe the dispersion of the salt from� r z
the position of the concentration centroid. A good mixing
scheme should have a good circulation rate and a fast disper-
sion rate.

Figure 3 shows a comparison of the Rushton and the
Lightnin mixer results. The radial position of the centroid
² :r in the Rushton mixer moves from the position of 379 mm
at ts2 s outward, and converges to the average position of
492 mm in about 15 s; however, it takes about 30 s for the

² :Lightnin mixer. The angular position � of Rushton result
takes a clockwise motion from 170� to a maximum of 228�,
then comes back to the steady-state value of 180�. For Light-

² :nin, result � increases from 160� to a maximum of 204�,
then converges to the steady state gradually. The vertical po-

² :sition of the centroid z in the Rushton result converges to
the steady-state value of 734 mm in 15 s, but it takes 30 s in
the Lightnin. In the examination of dispersion, rotation and
stretch, it is more convenient to return to the Cartesian coor-
dinates

2² :V s xy x cd® cd®Ž .H Hx x

² : ² :V s xy x yy y cd® cd®Ž . Ž .H Hx y

The variance matrix V is given as

V V Vx x x y x z

V V Vx y y y yz

V V Vx z yz z z

2 2 2The square root of the trace � s V qV qV is the av-' x x y y z z

erage dispersion for the concentration distribution. When the
V matrix is diagonalized, the eigenvectors give the rotation
angles of the principle axes, and the eigenvalues give the
variances along these axes. The rotation can be quantified by
the angle � , which is in a clockwise rotation around the z
axis, measuring from north as zero, and the angle �, which is
the angle above the x-y plane. When we arrange the square
roots of the eigenvalues in the order � � � � � , the ratio3 2 1
� r� gives the stretch which is the ratio of the largest to the3 1
smallest dispersion. For the Rushton mixer, Figure 4a gives a
plot of the dispersion � , which goes from 360 to 630 mm,
and the stretch � r� , which goes from a maximum of 1.5 to3 1
Ž .1 isotropic vs. time; and Figure 4b gives the major axis angle

� , which goes from 210� to 15�, and �, which goes from 30 up
to the zenith at 90, and passes it to 105�. At this degree of

Ž .resolution � xs� ys71 mm, � zs165 mm, � ts2 s , much
of the work of the stirrer in stretching of the fluid is lost by
volume and time averaging. When measurement techniques
advance to the point of 1 mm and 1 ms resolution, we can
look forward to larger degrees of detail.
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Figure 2. ERT results of Figure 1 in cylindrical coordinates.

Sample Concentration Distributions, Standard
Deviation and Entropy as Instantaneous Status and
as Time Series

It is an intuitive idea that a mixture is uniform if samples
at different locations yield the same concentration. This can
be formalized by dividing the volume into a number of cells,
and measure the concentration of each cell to obtain a sam-
ple distribution. Two of the more obvious measures are the

Žratio of the standard deviation to mean, and the entropy Jain,
.1989 . They can be defined as

² :c sm� cd® d®H H
22� � cym d® d®Ž .H Hc

S�y c � ln c d®Ž .H

For a perfect mixture, the standard deviation is zero and
the entropy is at maximum. For a completely segregated mix-
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Table 2. Wavelet Coefficients for the Mixing Tank

Avg. Center-Wall Angular Top-Bottom
Scale Value Diff. Diff. Diff.

Small, 110 mm CA1 cV1 cH1 cP1
Medium, 220 mm CA2 cV2 cH2 cP2
Large, 440 mm CA3 cV3 cH3 cP3

The details of the structure of uniformity can be revealed
by an analysis based on sample distribution. We distinguish
between macro-uniformity, where the samples have large vol-
umes, and micro-uniformity, where the samples have small
volumes. Micro-uniformity is much more difficult to achieve
than macro-uniformity. The ratio of standard deviation over
the mean is a more demanding measure of uniformity than
the entropy. When the rate of approach to uniformity is mea-
sured by the parameter �rm, we found that at same rpm,
Rushton mixer has a decided advantage over the Lightnin.

The wavelet analysis can give multiscale analysis of the
structure of uniformity, which is useful in diagnosis on the
problems encountered. A 3-D array of voxels are analyzed to

Ž .obtain the average concentration A , the radial gradient be-
Ž .tween the center and the wall V , the angular gradient in a

Ž .counter-clockwise direction H , and the vertical gradient be-
Ž .tween top and the bottom P . The scale of the array of vox-

Žels employed range from level one for fine detail 110 mm in
. Ž .z-direction to level two for medium scale details 220 mm ,

Ž .and to level three for large scale features 440 mm . The re-
sults analyzed can be organized by the array shown in Table
2.

This multiscale diagnostic can be very useful in determin-
ing the properties of the mixer used, and the state of the
mixture.
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